The aim of this paper is to extend Gerstenhaber formal deformations of algebras to the case of Hom-Alternative and Hom-Malcev algebras. We construct deformation cohomology groups in low dimensions. Using a composition construction, we give a procedure to provide deformations of alternative algebras (resp. Malcev algebras) into Hom-alternative algebras (resp. Hom-Malcev algebras). Then it is used to supply examples for which we compute some cohomology invariants.
Introduction
The Hom-Lie algebras were introduced in [23, 24] to study the deformations of Witt algebra, which is the complex Lie algebra of derivations of the Laurent polynomials in one variable, and the deformation of the Virasoro algebra, a one-dimensional central extension of Witt algebra. Since then Hom-structures in different settings (algebras, coalgebras, Hopf algebras, Leibniz algebras, n-ary algebras etc) were investigated by many authors (see for example [1, 3, 4, 5, 6, 13, 23, 24, 26, 28, 29, 30, 42, 43] ). The Hom-alternative algebras were introduced by the second author in [27] , while Hom-Malcev algebras were introduced by D. Yau in [44] , where connections between Hom-alternative algebras and Hom-Malcev algebras are given. A deformation of a mathematical object (for example, analytic, geometric or algebraic structures) is a family of the same kind of objects which depend on some parameter. One usually asks does there exist a parameter family of similar structures, such that for an initial value of the parameter one gets the same structure one started with. In the fifties, Kodaira and Spencer developed a more or less systematic theory of deformations of complex structures of higher dimensional manifolds. The concept of deformations of complex structures, or of a family of complex structures depending differentiably on a parameter, can be defined in terms of structure tensors determining the complex structures. Soon in the sixties, Gerstenhaber generalized this to the context of algebraic and homological setting [17, 18, 19, 20] . He gave a unified treatment of the subjects of deformations of algebras and the cohomology modules on which the analysis of deformations depends. See also [8, 9, 12, 25, 32, 33, 35] for deformation theory. The deformations of Hom-algebras were initiated by the second author and S. Silvestrov in [31] , where the deformations of Hom-associative and Hom-Lie algebras were investigated. Further developments on the cohomology of Hom-associative and Hom-Lie algebras were given in [2] , where cochain complexes were provided. Independently the cochain complex in the case of Hom-Lie algebras was given in [38] . In this paper we extend the theory of formal deformationà la M. Gerstenhaber to the context of Homalternative and Hom-Malcev algebras. This can be seen as an extension of the work done by the authors in [11] . Using the general procedure of opposite multiplication, one turns left Hom-alternative algebras into right Hom-alternative algebras and vice-versa. Thus we will restrict ourselves to the case of left Homalternative algebras since any statement with left Hom-alternative algebra has its corresponding statement for right Hom-alternative algebra.
The paper is organized as follows. In Section 1, we review the basic definitions and properties of Homalternative algebras, Hom-Malcev algebras and give examples. In Section 2, we establish the formal deformation theory of Hom-alternative algebras and also give some elements of a cohomology of these algebras. In Section 3, we provide a way to obtain formal deformations of alternative algebras into Hom-alternative algebras using a composition process. Section 4 is dedicated to supplying examples and computations of derivations and cocycles of 4-dimensional Hom-alternative algebras. We conclude the paper by Section 5 in which we study, in a similar way, formal deformations of Malcev and Hom-Malcev algebras. Some computations in this paper were done using a software system of computer algebra.
Preliminaries
We start by recalling the notions of Hom-alternative and Hom-Malcev algebras. Throughout this paper K is an algebraically closed field of characteristic zero and A is a vector space over K. We mean by a Homalgebra a triple (A, µ, α) consisting of a vector space A, a bilinear map µ and a linear map α. In all the examples involving multiplication, the unspecified products are either given by skewsymmetry, when the algebra is skewsymmetric, or equal to zero.
First we recall the definition and some properties of Hom-alternative algebras.
Definition 1.1 ([27])
A left Hom-alternative algebra (resp. right Hom-alternative algebra) is a triple (A, µ, α) consisting of a K-vector space A, a multiplication µ : A ⊗ A → A and a linear map α : A → A satisfying the left Hom-alternative identity, that is for any x, y in A,
respectively, right Hom-alternative identity, that is
A Hom-alternative algebra is one which is both left and right Hom-alternative algebra.
Definition 1.2
Let (A, µ, α) and (A ′ , µ ′ , α ′ ) be two Hom-alternative algebras. A linear map f : A → A ′ is said to be a morphism of Hom-alternative algebras if the following holds
Remark 1.3 ([28])
Notice that Hom-associative algebras are Hom-alternative algebras. Since a Homassociative algebra is a Hom-algebra (A, µ, α) satisfying µ(α(x), µ(y, z)) = µ(µ(x, y), α(z)), for any x,y,z in A.
The following is an example of Hom-associative algebra which of course is an alternative algebra. µ(e 0 , e 0 ) = e 0 + e 2 , µ(e 2 , e 0 ) = 2 e 2 , µ(e 3 , e 0 ) = e 2 , α(e 0 ) = e 0 + e 2 , α(e 1 ) = 0, α(e 2 ) = 2 e 2 , α(e 3 ) = e 2 ,
Example 1.4 Let
This Hom-alternative algebra is not alternative since µ(µ(e 0 + e 3 , e 0 + e 3 ), e 0 ) − µ(e 0 + e 3 , µ(e 0 + e 3 , e 0 )) = −e 2 = 0.
Remark 1.6
The Hom-associator of a Hom-algebra (A, µ, α) is a trilinear map denoted by as α , and defined for any x, y, z ∈ A by
In terms of Hom-associator, the identities (1) and (2) may be written: as α (x, x, y) = 0 and as α (y, x, x) = 0. They are also equivalent, by linearization, to
respectively,
Remark 1.7 The multiplication could be considered as a linear map µ : A ⊗ A → A, then the condition (4) and (5) can be written
where id stands for the identity map and σ 1 and σ 2 stand for trilinear maps defined for any x, y, z ∈ A by
Therefore, the identities (4) and (5) are equivalent respectively to
Hence, for any x, y, z ∈ A, we have as α (x, y, z) = −as α (y, x, z) and as α (x, y, z) = −as α (x, z, y).
The identity (9) 
The proof can be found in [27] . Further properties of Hom-alternative algebras could be found in [27] and [44] . Now, we give the definition of Hom-Malcev algebras and their connection to Hom-alternative algebras. 
where J α is the Hom-Jacobiator which is a trilinear map defined by
x,y,z denoting the summation over the cyclic permutation on x, y, z.
Likewise when α is the identity the Hom-Malcev identity reduces to classical Malcev identity which is equivalent, using skewsymmetry to and
We show in the following the connection between Hom-alternative algebras and Hom-Malcev algebras given in [44] . The Hom-alternative algebras are related to Hom-Malcev algebras as Hom-associative algebras to Hom-Lie algebras (see [28] )
is a Hom-Malcev algebra.
We refer to [44] for more properties on Hom-Malcev algebras and Hom-Malcev-admissible algebras.
Formal Deformations of Hom-Alternative algebras
We develop, in this section, a deformation theory for Hom-Alternative algebras by analogy with Gerstenhaber deformations ( [17] , [18] , [19] , [20] ). Heuristically, a formal deformation of an algebra A is 1-parameter family of multiplication (of the same sort) obtained by perturbing the multiplication of A. 
such that for x, y, z ∈ A, the following formal left Hom-alternativity identity holds
The identity (11) is called the deformation equation of the Hom-alternative algebras. Notice that here both the multiplication and the linear map are deformed.
Deformations equation
Now we investigate the deformation equation. We give conditions on µ i in order for the deformation µ t to be Hom-alternative. Expanding the left hand side of the equation (11) and collecting the coefficients of t k yields an infinite system of equations given, for any nonnegative integer k, by
The first equation corresponding to k = 0, is the left Hom-alternativity identity of (A, µ 0 , α 0 ). The second equation corresponding to k = 1 can be written
where
Elements of Cohomology
We provide some elements of a cohomology theory motivated by formal deformation theory in the case when α 0 is not deformed. Then the deformation equation becomes
Therefore, the equation (13) is reduced to
which suggests that µ 1 should be a 2-cocycle for a certain left Hom-alternative algebra cohomology. In the sequel we define first and second coboundary operators fitting with deformation theory. Let (A, µ, α) be a Hom-alternative algebra and let C 1 (A, A) be the set of linear maps f : A → A which commute with α, and C 2 (A, A) be the set of bilinear maps on A. We define the first differential δ 1 f ∈ C 2 (A, A) by
The map f is said to be a 1-cocycle if δ 1 f = 0. We remark that the first differential of a left Hom-alternative algebra is similar to the first differential map of Hochschild cohomology of associative algebras. The 1-cocycles are derivations. Let φ ∈ C 2 (A, A), we define the second differential δ 2 φ ∈ C 3 (A, A) by
Proof. Let x, y, z ∈ A and f ∈ C 1 (A, A),
In order to simplify the notation, the multiplication is denoted by concatenation of terms and the tensor product is removed on the right hand side. Then
since f and α commute and the multiplication µ is Hom-alternative. 2 The group of the images of δ 1 , denoted B 2 (A, A), corresponds to the 2-coboundaries and the kernel of δ 2 , denoted Z 2 (A, A), gives the 2-cocycles. The 2-cohomology group is defined as the quotient
.
Remark 2.3 To define higher order differentials one needs to consider left Hom-alternative multiplicative p-cochain, which are a linear maps
In [2] , it is shown that C(A, A) = ⊕ ∞ p=0 C p (A, A) carries a structure of Gerstenhaber algebra and leads to a complex for Hom-associative algebras. It turns out that the operad of alternative algebras is not Koszul [10] . We conjecture that it is also the case for Hom-alternative algebras. Obviously one may set δ p = 0 for p > 3 but we expect that there is a nontrivial minimal model.
The deformation equation (15) may be written using coboundary operators as
where k is any nonnegative integer. Hence we have Proposition 2.4 Let (A, µ 0 , α 0 ) be a Hom-alternative algebra and (A, µ t , α 0 ) be a deformation such that
Equivalent and trivial deformations
In this section, we characterize equivalent as well as trivial deformations of left Hom-alternative algebras.
Definition 2.5 Let (A, µ 0 , α 0 ) be a left Hom-alternative algebra and let (A t , µ t , α t ) and (A ′ t , µ ′ t , α ′ t ) be two left Hom-alternative deformations of A, where µ t = i≥0 t i µ i , µ ′ t = i≥0 t i µ ′ i , with µ 0 = µ ′ 0 , and
We say that the two deformations are equivalent if there exists a formal isomorphism ρ t :
]-linear map that may be written in the form ρ t = i≥0 t i ρ i = id + tρ 1 + t 2 ρ 2 + . . ., where ρ i ∈ End K (A) and ρ 0 = id are such that the following relations hold
A deformation A t of A 0 is said to be trivial if and only if A t is equivalent to A 0 (viewed as a left Homalternative algebra on A
[[t]]).
We discuss in the following the equivalence of two deformations. The two identities in (20) may be written as
and
Equation (21) is equivalent to i,j≥0
By identification of the coefficients, one obtains that the constant coefficients are identical, i.e.
For the coefficients of t and since ϕ 0 = id, it follows that
Consequently,
The homomorphism condition of equation (22) is equivalent to i,j≥0
which gives α 0 = α ′ 0 modulo t, and
The second order conditions of the equivalence between two deformations of a left Hom-alternative algebra is given by (25) which may be written as
In general, if the deformations µ t and µ ′ t of µ 0 are equivalent then µ ′ 1 = µ 1 + δ 1 f 1 . Therefore, we have the following Proposition 2.6 Let (A, µ 0 , α 0 ) be a Hom-alternative algebra and (A, µ t , α 0 ) be a deformation such that µ t = i≥0 µ i t i . The integrability of µ 1 depends only on its cohomology class.
When we deform only the multiplication, the elements of H 2 (A, A) give the infinitesimal deformations ( µ t = µ 0 + tµ 1 ). We have also the following
Proposition 2.7 Let (A, µ 0 , α 0 ) be a left Hom-alternative algebra. There is, over K[[t]]/t 2 , a one-to-one correspondence between the elements of H 2 (A, A) and the infinitesimal deformation of A defined by
µ t (x ⊗ y) = µ 0 (x ⊗ y) + tµ 1 (x ⊗ y), ∀x, y ∈ A.(28)
Proof 1
The deformation equation is equivalent to δ 2 µ 1 = 0.
Deformation by Composition
In this section, we construct deformations of left alternative algebras using the composition Theorem given in [27] , which provides a method of obtaining left Hom-alternative algebras starting from a left alternative algebra and an algebra endomorphism. Also, we use the notion of nth derived Hom-algebras introduced in [44] to construct other deformation of left alternative algebras viewed as Hom-algebras. We start by recalling the composition theorems of left alternative algebras. 
is a morphism of left Hom-alternative algebras. (A, µ) , that is α is an algebra endomorphism with respect to µ and µ = α • µ. This question was addressed and discussed for Hom-associative algebras in [14, 15, 16] . Now, if α is an algebra endomorphism with respect to µ then α is also an algebra endomorphism with respect to µ. Indeed,
Remark 3.2 Theorem (3.1) gives a procedure of constructing Hom-alternative algebras using ordinary alternative algebras and their algebra endomorphisms. More generally, given a left Hom-alternative algebra (A, µ, α), one may ask whether this Hom-alternative algebra is induced by an ordinary alternative algebra
µ(α(x), α(y)) = α • µ(α(x), α(y)) = α • α • µ(x, y) = α • µ(x, y).
If α is bijective then α −1 is also an algebra automorphism. Therefore one may use an untwist operation on the Hom-alternative algebra in order to recover the alternative algebra (
The previous procedure was generalized in [44] to nth derived Hom-algebras. We split the definition given in [44] into two types of nth derived Hom-algebras.
Definition 3.3 ([44])
Let (A, µ, α) be a multiplicative Hom-algebra and n ≥ 0. The nth derived Homalgebra of type 1 of A is defined by
and the nth derived Hom-algebra of type 2 of A is defined by
Note that in both cases
Observe that for n ≥ 1 and x, y, z ∈ A we have
Therefore, following [44] , one obtains the following result. (A, µ 0 , id) .
Theorem 3.4 Let
Moreover, the nth derived Hom-algebra of type 1
is a deformation of (A, µ, id).
Proof 2 The first assertion follows from Theorem 3.1. In particular for an infinitesimal deformation of the identity
The proof of the left Hom-alternativity of the nth derived Hom-algebra (A, µ t , α t ) follows from the fact that, for n ≥ 1 and x, y, z ∈ A, we have
In case n = 1 and α t = id + tα 1 the multiplication is of the form
and the twist is α 2 t = (id+tα 1 ) 2 = id+2tα 1 +t 2 α 2 1 . Therefore we get another deformation of the alternative algebra viewed as a Hom-alternative algebra (A, µ 0 , id). The proof in the general case is similar. (A, µ, α) is a multiplicative left Hom-alternative algebra where α may be written of the form α = id + tα 1 , then the nth derived Hom-algebra of type 1
Remark 3.6 Proposition 3.5 is valid for Hom-associative algebras, G-Hom-associative algebras and HomLie algebras.

Remark 3.7 More generally, if
gives a one parameter formal deformation of (A, µ, α). But for any α one obtains just new left Homalternative algebras.
Examples of Deformations and Computations
In this section we provide examples of deformations of left alternative algebras. Using Proposition 3.5 we construct left Hom-alternative formal deformations of the 4-dimensional left alternative algebras which are not associative (see [21] ). These algebras are viewed as left Hom-alternative algebras with identity map as a twist. To this end, for each algebra, we provide all the algebra endomorphisms which are infinitesimal deformations of the identity, that is of the form α t = id + tα 1 , where α 1 is a linear map. Therefore, left
Hom-alternative algebras are obtained from left alternative algebras and correspond to left Hom-alternative formal deformations of these left alternative algebras. There are exactly two alternative but not associative algebras of dimension 4 over any field [21] . With respect to a basis {e 0 , e 1 , e 2 , e 3 }, one algebra is given by the following multiplication µ 4,1 (e 0 , e 0 ) = e 0 , µ 4,1 (e 0 , e 1 ) = e 1 , µ 4,1 (e 2 , e 0 ) = e 2 ,
µ 4,1 (e 2 , e 3 ) = e 1 , µ 4,1 (e 3 , e 0 ) = e 3 , µ 4,1 (e 3 , e 2 ) = −e 1 .
The other algebra is given by µ 4,2 (e 0 , e 0 ) = e 0 , µ 4,2 (e 0 , e 2 ) = e 2 , µ 4,2 (e 0 , e 3 ) = e 3 ,
µ 4,2 (e 1 , e 0 ) = e 1 , µ 4,2 (e 2 , e 3 ) = e 1 , µ 4,2 (e 3 , e 2 ) = −e 1 .
These two alternative algebras are anti-isomorphic, that is the first one is isomorphic to the opposite of the second one.
In the following we characterize the homomorphisms which induce left Hom-alternative structures on the 4-dimensional left alternative algebras, given by (33) and (34) which are not associative and also on the Octonions algebra (see [7] or [27] for the multiplication table). Straightforward calculations give 
Examples of Deformations by Composition
We provide for the 4-dimensional left alternative algebras defined by the multiplications (33) or (34) the algebra endomorphisms which may be viewed as infinitesimal deformations of the identity. Then according to Theorem (3.1), the linear maps yield Hom-alternative infinitesimal deformations of the left alternative algebras defined by µ 4,1 and µ 4,2 .
Proposition 4.2
The infinitesimal deformations α of the identity which are algebra endomorphisms of the alternative algebra µ 4,1 , defined above by the equation (33) , are given with respect to the same basis by α(e 0 ) = e 0 + t(a 1 e 1 + a 2 e 2 + a 3 e 3 ), α(e 1 ) = e 1 + t(−a 4 a 5 + a 6 + a 7 + a 6 a 7 ) e 1 , α(e 2 ) = e 2 + t[(a 3 − a 2 a 5 + a 3 a 6 )e 1 + a 6 e 2 + a 5 e 3 ],
where a 1 , · · · , a 7 ∈ K are free parameters.
Hence, the linear map α and the following multiplication µ 4,1 defined by µ 4,1 (e 0 , e 0 ) = e 0 + t(a 1 e 1 + a 2 e 2 + a 3 e 3 ), µ 4,1 (e 0 , e 1 ) = e 1 + t(−a 4 a 5 + a 6 + a 7 + a 6 a 7 ) e 1 , µ 4,1 (e 2 , e 0 ) = e 2 + t[(a 3 − a 2 a 5 + a 3 a 6 )e 1 + a 6 e 2 + a 5 e 3 ], µ 4,1 (e 2 , e 3 ) = e 1 + t(−a 4 a 5 + a 6 + a 7 + a 6 a 7 ) e 1 , µ 4,1 (e 3 , e 0 ) = e 3 + t[(−a 2 + a 3 a 4 − a 2 a 7 )e 1 + a 4 e 2 + a 7 e 3 ], µ 4,1 (e 3 , e 2 ) = −e 1 − t(−a 4 a 5 + a 6 + a 7 + a 6 a 7 ) e 1 .
determine 4-dimensional Hom-alternative algebras.
For the alternative algebra defined by µ 4,2 we obtain Proposition 4.3 The infinitesimal deformations α of the identity which are algebra endomorphisms of the alternative algebra µ 4,2 , defined above by the equation (34) , are given with respect to the same basis by α(e 0 ) = e 0 + t(a 1 e 1 + a 2 e 2 + a 3 e 3 ), 
define deformations of degree 3 by setting µ = µ 4,1 (resp. µ = µ 4,2 ).
Derivations and cocycles
In the following we compute the derivations and the 2-cocycles of some 4-dimensional alternative algebras.
Recall that a derivation of a left Hom-alternative algebra (A, µ, α) is given by a linear map f : where
Recall that a 2-cocycle of a left Hom-alternative algebra (A, µ, α) is given by a linear map ϕ : A × A → A satisfying
We then have the following 
where J αt is the Hom-Jacobiator defined for x, y, z ∈ A by
We have
We introduce the following notation J i,j α which is a trilinear map defined by
where α is a linear map and [ , ] i and [ , ] j are bilinear maps. Therefore the left hand side of the identity (39) gives
While the right hand side of (39) gives
Equating (41) and (42) yields Hom-Malcev identity of the original Hom-Malcev algebra, for the degree 0 terms. The terms of degree 1 lead to a 12 terms identity which reduces, when the twist map α 0 is not deformed to the following identity
This identity and the study of trivial and equivalent deformation suggests to introduce the following 1-coboundary and 2-coboundary operators for a Hom-Malcev algebra (A, [ , ] , α). Let C n s (A, A) be the set of skewsymmetric α-multiplicative n-linear maps on A. We define the first differential δ 1 f ∈ C 2 s (A, A) by
The second differential δ 2 φ ∈ C 3 s (A, A) where φ ∈ C 2 s (A, A) and denoted by φ = [ , ] 1 , is defined by 
Deformation by composition
In the sequel we give a procedure of deforming Malcev algebras into Hom-Malcev algebras using the following two Theorems. Moreover, the nth derived Hom-algebra of type 2
is a deformation of (A, [ , ], id). 
gives a one parameter formal deformation of (A, 
